Abstract. The group generated by the Weierstrass points of a smooth curve in its Jacobian is an intrinsic invariant of the curve. We determine this group for all smooth quartics with eight hyperflexes or more. Since Weierstrass points are closely related to moduli spaces of curves, as an application, we get bounds on both the rank and the torsion part of this group for a generic quartic having a fixed number of hyperflexes in the moduli space M 3 of curves of genus 3.
The Weierstrass points of an algebraic curve, which can be defined over some extension of the base field, form a distinguished set of points of the curve having the property of being geometrically intrinsic. Curves of genus 0 or 1 have no Weierstrass points, and for hyperelliptic curves, the Weierstrass points can easily be characterized as the ramification points under the hyperelliptic involution, which generate the 2-torsion subgroup of the Jacobian. For nonhyperelliptic curves of genus 3, which admit a plane quartic model, the structure of the Weierstrass subgroup, i.e., the subgroup of the Jacobian generated by the images of the Weierstrass points under the Abel-Jacobi map, cannot be characterized so easily. This structure is known for curves with many automorphisms ( [10] , [12] , [13] ), in which cases the groups are finite. As with Weierstrass points, the Weierstrass subgroup is a geometric invariant of the curve, which we study in this paper. More precisely, we determine the structure of this group for all curves having either eight (Theorems 4.1 and 5.1) or nine hyperflexes (Theorem 3.1), i.e., points at which the tangent line to the curve meets the curve with multiplicity four. These are the first nontrivial cases of interest since there are no curves with either ten or eleven hyperflexes, and the two possible cases of curves with twelve hyperflexes have already been treated ( [7] , [13] ). We show: Weierstrass points are used to construct various stratifications of moduli spaces of curves. In particular, there exists a stratification of the moduli space M 3 of genus 3 curves, due to Vermeulen [15] , in terms of the number of hyperflexes. This stratification determines certain intrinsic families of quartics, corresponding to the strata of M 3 , characterized by the number of hyperflexes and their geometric configuration (the only strata with eight or nine hyperflexes are Ω i , Σ and Z 1 , which correspond to nine hyperflexes, eight hyperflexes on three lines, and four conics tangent to the curve at eight hyperflexes, respectively). Using specialization of curves in these families, we obtain bounds both on the rank and on the torsion part of the group generated by the Weierstrass points for a generic quartic in these strata. In particular, in [3] , we showed that for a generic quartic, it is a free abelian group of rank at least 11. In in Section 6, we pursue the study carried out in [4] , [3] and improve some of the bounds previously obtained.
We first recall the definitions of Weierstrass points and of the object of our study. In Section 2, we state two theorems fundamental to the present study. We then compute the Weierstrass subgroup for curves with eight or nine hyperflexes.
We proceed in several steps: we first search for elementary geometric configurations involving the Weierstrass points-they usually arise from lines or conics meeting the curve only at these points. They translate into relations between the images of the Weierstrass points in the Jacobian and enable us to restrict the number of generators (starting from g(g 2 − 1)). We then use the fact that the Jacobians of these curves are isogenous to the product of three elliptic curves: degree 0 divisors with support in the set of Weierstrass points which correspond to an extra relation will be mapped to the identity on each elliptic curve. We thus deduce all possible relations between the remaining Weierstrass points, and we use geometric arguments to determine their correctness.
By convention, we choose models of our curves over a number field and consider the geometric points on these curves and their Jacobians (in some fixed algebraic closure).
1. Definitions and notation 1.1. Weierstrass points. For properties of the Weierstrass points, we refer to [8, exercise A.4.14, p. 89] or [1, exercise E, p. 41] . Let C be a smooth projective curve of genus g ≥ 2 defined over a number field k and let P be any point on C. We will say that P is a Weierstrass point if and only if there exists a differential form ω ∈ H
• (C, Ω C ), such that ord P (ω) ≥ g. Let W be the set of Weierstrass points on C.
We can attach to a point a notion of weight, which will give an alternative characterization of Weierstrass points: P ∈ W if and only if w(P ) ≥ 1. The weight is defined as follows: for any divisor D on C, let L(D) be the Riemann-Roch space {f ∈ k(C) | div(f ) + D ≥ 0} and let (D) be its dimension. We define the gap sequence associated to P to be the set G(P )={n ∈ Z >0 | (nP )= ((n−1)P )}. We can define the weight of a point to be w(P ) = n∈G(P ) n − g(g + 1)/2. If K C is a canonical divisor on C, then P ∈C w(P )P is linearly equivalent to g(g + 1)/2K C , and thus the number of Weierstrass points is finite. More precisely, the number of Weierstrass points counted with multiplicities equal to their weights is P ∈C w(P ) = g(g 2 − 1).
1.2. The group W . We identify the Jacobian of C and Pic • (C), and define the Weierstrass subgroup W to be the subgroup of Pic
• (C) generated by the differences of two Weierstrass points. Its elements are thus degree 0 divisors with support in W. This group is defined over k, the field of definition of the curve, since W is invariant under the absolute Galois group of k. Nevertheless, its elements are defined over some finite extension of k, as are the Weierstrass points.
For hyperelliptic curves, the Weierstrass points are well known: they are the ramification points of the curve. Moreover, the group they generate in the Jacobian is the whole 2-torsion group, that is, W = (Z/2Z) 2g for a hyperelliptic curve of genus g.
1.
3. Plane quartics. We will henceforth restrict ourselves to the case of smooth plane quartics. Indeed, they are the nonhyperelliptic curves of smaller genus, i.e., genus 3. The Weierstrass points are the flexes of the curve, i.e., the points where the tangent line to the curve meets the curve with multiplicity at least 3. The hyperflexes are then the points for which this multiplicity equals 4; they correspond to Weierstrass points of weight 2. We will call the Weierstrass points of weight one ordinary flexes. As we have seen before, there are 24 points counted with multiplicity equal to the weight, i.e., r + 2s = 24, where s is the number of hyperflexes and r is the number of ordinary flexes.
The difference of two hyperflexes has order 4 in the Jacobian. Indeed, if L P (resp. L Q ) is the linear form defining the tangent line to the curve at P (resp. Q), we have div(L P /L Q ) = 4(P ) − 4(Q). Hence the order of P − Q divides 4, and it cannot be 2; otherwise, the curve would be hyperelliptic. We thus obtain that W is a quotient of Z r × (Z/4Z) s−1 , since s hyperflexes generate at most s − 1 points of order 4. Moreover, if P 0 is a hyperflex, 4P 0 is a canonical divisor, and we have w(P )P − 24 P 0 = 0. Hence, we get a naïve bound for the rank: rank(W ) ≤ 24 − 2s − 1 if s = 12. For s = 12, all points are hyperflexes, they are thus all of order 4, and the Z-rank is 0.
Specialization
In this section, we review the tools we use to obtain results both on particular curves and on families. In particular, we state two theorems concerning the behavior under specialization.
Let C → S be a family of smooth projective curves of genus g. Let W η (resp. W s ) be the group generated by the Weierstrass points in the generic fiber (resp. a special fiber). The divisors of Weierstrass points form an algebraic family. More precisely, we have Theorem 2.1.
The specialization is injective on the torsion part.
Proof. For the first part, see Hubbard [9] or Laksov-Thorup [11] ; the second part is classic (see [8, Theorem C.1.4] ).
Both of these properties and the following theorem of Silverman are essential to deduce results for families of curves and also to obtain bounds on the rank and the torsion part of a generic quartic in the moduli space of curves of genus 3, as we will see in Section 6. This specialization theorem applies to special families of abelian varieties as follows: let A → C be a (flat) family of abelian varieties, all defined over a global field K, where C is a smooth projective curve. At a point t ∈ C(K) for which the fibre A t is nonsingular, the specialization map is defined by
Theorem 2.2 (Silverman [14] ). Assume that A has no constant part; then the set
Curve with nine hyperflexes
There are exactly two curves with precisely nine hyperflexes [15] . These are the curve Ω 1 given by the projective equation
and its conjugate Ω 2 . This curve has fifteen Weierstrass points, nine of which are hyperflexes. The hyperflexes lie on three lines. We will show that the naïve bound on the rank is attained in this case: 
. For simplicity, we will consider the alternative model Ω given by the equation
The map from Ω 1 to Ω is given by
We will see that Aut(Ω) is generated by two automorphisms, ρ and σ (see 3.2.1), which we can use to define the Weierstrass points: the hyperflexes are
with a = ( √ 7 + 1)(i + 1) and b = ( √ 7 + 1)(−i + 1). The ordinary flexes of the curve Ω are the six points
The four points of intersection of the curve with the line
. {P 2 , P 5 , P 8 , P 9 }). Dividing these linear forms by the one corresponding to the tangent line at a hyperflex gives rational functions whose divisors are in W . The last relation is a consequence of the relation between all Weierstrass points as seen at the end of Section 1.3.
Proposition 3.2. The Weierstrass points satisfy the relations
A set of generators of W is P m − P 1 and Q n − P 1 . From the above relations, we see that P 4 − P 1 , P 7 − P 1 , and P 9 − P 1 are linear combinations of the other P m − P 1 . There are thus at most five independent differences of hyperflexes. The last relation implies that the sum of Q n − P 1 has order two, hence we obtain:
We will show that the sum of the Q n −P 1 is equal to twice the sum of some differences of hyperflexes, and that there are no other relations between the Weierstrass points, hence the theorem.
3.2.
Structure of the Jacobian. In this section, we show that the Jacobian is isogenous to the product of three elliptic curves, which we determine.
Proposition 3.4. The Jacobian of the curve Ω is isogenous to the product of two copies of an elliptic curve by a third elliptic curve
Proof. We check that the pullbacks of differential forms on each elliptic curve are independent on Ω. For the definitions of both the curves and the maps, see Section 3.2.2 below. On the elliptic curve E i , a differential form is given by ω i = du/v. A basis of the differential forms on Ω is ω 0 , xω 0 , and yω 0 with
The pullbacks of the three differential forms are respectively
Automorphisms of the curve. The automorphism group of Ω is S 3 . More precisely, this group is generated by the two automorphisms ρ and σ given respectively by
They act on the Weierstrass points in the following manner:
Elliptic factors of the Jacobian.
By identifying points which are in the same orbit for the action of these two automorphisms, we obtain two maps from Ω to the same elliptic curve.
Proposition 3.5. The degree 2 morphism φ 1 from Ω to the elliptic curve E 1 = Ω/ ρ can be described as (X :
writing E 1 as
The degree 2 morphism φ 2 from Ω to the elliptic curve
Let τ = σρ. This automorphism is of order three with two fixed points (0 : 1 : 0) and (0 : 0 : 1). By identifying points in the same orbit, we also obtain a map to a second elliptic curve.
Proposition 3.6. The degree 3 morphism from the curve Ω to the elliptic curve
3.3. Study of the Weierstrass points. We will compute the images of the Weierstrass points on each of these three elliptic curves.
3.3.1. Images of the Weierstrass points on E 1 . The orbits under the action of ρ are
and {Q 3 , Q 5 }, the point P 2 being fixed. Thus, the images of the Weierstrass points are the following eight points on the elliptic curve E 1 :
which satisfy the following relations on the elliptic curve E 1 :
and
where the three points of order 2 are
To show the independence of points on the elliptic curve, we will use the following lemma suggested by Jean-François Mestre: Lemma 3.7. Let P and Q be two K-rational points on an elliptic curve. Suppose there exist places of good reduction p 1 and p 2 and a prime l such that the reductions P i and Q i are of order l and Q i ≡ α i P i mod p i with α 1 ≡ α 2 mod l. If moreover, there exists no K-rational point of order l, then P and Q are Z-independent.
Proof. Suppose there was a minimal relation mP + nQ = 0. Looking at the reductions, we obtain that Proof. In order to prove the proposition, we will compute the images of these two points when we reduce the curve modulo primes of inertial degree We apply Lemma 3.7 to P = 2 
, and O = φ 2 (P 1 ). is the point Q 3,1 = (24, 54) which is of order 60. Hence the point Q 3,1 is of infinite order.
3.4. Proof of Theorem 3.1. In order to see if there exist extra relations between the Weierstrass points, we will determine which elements of W are in the kernel of the isogeny from J to the product of the three elliptic curves. Indeed, if a divisor with support in the set of Weierstrass points is in this kernel, it is either already zero in the Jacobian (and thus there exists an extra relation between the Weierstrass points) or it is nonzero in the Jacobian. Consider a degree 0 divisor with support in the set of Weierstrass points, say
Assume that this divisor is in the kernel of the isogeny to the product of the three elliptic curves. We compute the images of this divisor on each of the elliptic factors, of the Jacobian.
On the first factor of the Jacobian E 1 , we get the following relation:
which implies (using the relations between the points on the elliptic curve) that m 1 + m 5 − m 6 − 2n 3 − 2n 5 ≡ 0 mod 4, m 3 + m 8 ≡ 0 mod 4, and n 1 + n 4 = n 2 + n 6 = n 3 + n 5 . On the second factor E 2 , we get the following relation:
which implies (using the relations between the points on the elliptic curve) that m 2 + m 5 − m 3 − m 6 − m 8 − 2n 2 − 2n 4 ≡ 0 mod 4, m 3 + m 6 ≡ 0 mod 4, and n 1 + n 5 = n 3 + n 6 = n 2 + n 4 .
On the third factor E 3 , we get the following relation:
which implies (using the relations between the points on the elliptic curve) that m 1 +m 2 +m 5 +2m 6 +2m 8 +2n 4 +2n 5 +2n 6 ≡ 0 mod 4 and n 1 +n 2 +n 3 = n 4 +n 5 +n 6 .
The coefficients thus satisfy
The only degree 0 divisors with support in the set of Weierstrass points that are in the kernel of the isogeny are 2P 1 − 2P 5 + Q 1 + Q 2 + Q 3 + Q 4 + Q 5 + Q 6 − 6P 2 and its multiples. We still have to show whether (or not) this divisor is zero in the Jacobian, which corresponds to the existence (or not) of a cubic curve tangent to the curve at the three points P 1 , P 2 and P 5 and passing through the six Weierstrass points of weight one. Such a curve exists, as we will see in the next proposition.
Proposition 3.10. The cubic curve given by the affine equation
meets the curve Ω at P 1 , P 2 , and P 5 with multiplicity two and at
This completes the proof.
Family with eight hyperflexes
There is a one-dimensional family of curves with eight hyperflexes [15] . We show 
We will work with another model for the curve: the curve Z 1,t is isomorphic to the curve Z t given by the equation
The map from Z 1,t to Z t is given by 
Weierstrass points.
We will see (in Section 4.2.1) that the automorphisms of Z t are ρ, σ, and τ . We can use them to define the Weierstrass points: the hyperflexes are
, and P 8 = σ(P 4 ).
Let s be a square root of (t − 2)/(4t − 2), and let 
, and c(s) = √ 2 s 2 −1 (the other square root −s will interchange Q 1 and Q 3 ). We can express the ordinary flexes in the following way:
, and
There exist relations between the Weierstrass points arising from lines or conics passing through certain of these points. More precisely, we have
Proposition 4.2. The Weierstrass points satisfy the following relations:
Proof. The points P 1 , P 2 , P 3 , and P 4 lie on a line as do the points P 5 , P 6 , P 7 , and P 8 ; moreover, there exist conics tangent to the curve at the 4 points {P 1 , P 2 , P 5 , P 6 }, {P 1 , P 2 , P 7 , P 8 }, {P 3 , P 4 , P 5 , P 6 }, or {P 3 , P 4 , P 7 , P 8 }.
The first four relations are consequences of the fact that the hyperflexes lie on two lines and that the base-point is a hyperflex (see the remark at the end of Section 1.3). The family of conics passing through P 3 , P 4 , P 5 , and P 6 is given by
(4 s 4 − 2 s 2 + 1)(1 + 2 s 2 ) gives the result.
The conic passing through Q 1 , Q 2 , Q 5 , Q 6 , and P 1 is given by
Proposition 4.3. The group W generated by the Weierstrass points is a quotient of
Proof. The statement follows from the preceding remark and the following proposition.
Proposition 4.4.
We have
Proof. The line through P 1 and P 5 (given by (2t − 1)Y − tZ = 0) meets the curve at two other points R 1 and R 2 (of respective x-coordinates ± (4 − 3t)t/(t(2t − 1))). The conic through P 2 , 2 P 3 , and 2 P 7 meets the curve at P 6 , R 1 , and R 2 ; the equation of this conic is
Hence P 1 + P 5 + R 1 + R 2 = 0 and R 1 + R 2 + P 2 + P 6 + 2P 3 + 2P 7 = 0. Since P 5 , P 6 , P 7 , and P 8 lie on a line, we have the desired result.
We will show that there are no more relations between the generators of W . In order to do so, we will compute the group W t 0 for a suitable specialization and show that W t 0 = W 0 . Then, we will apply Silverman's theorem 2.2 to conclude.
4.2.
Structure of the Jacobian.
Automorphisms of the curve.
The group of automorphisms of Z t is a dihedral group of order 8 (see [15] ) generated by the two involutions whose action on the Weierstrass points is the following:
and τ = (P 1 P 7 )(P 2 P 8 )(P 3 P 6 )(
The two automorphisms σ and τ are given respectively by
Also, the automorphism ρ = στ satisfies ρ 2 (X :
Elliptic factors of the Jacobian.
For the proofs of the statements in this part, see the preprint [6] . For each of these automorphisms, we obtain a map to an elliptic curve by identifying points which are in the same orbit:
The Jacobian is isogenous to the product of the three elliptic curves, and these elliptic curves have respective equations:
4.3. Specialization at t = 2/5. We will show that for a suitable specialization, the group generated by the Weierstrass points is equal to W 0 . Theorem 4.6. For the specialization t = 2/5, the group generated by the Weierstrass points is
The curve Z 1,2/5 has the following equation:
The map from Z 1,2/5 to Z 2/5 is given by The curve Z 2/5 has the following equation:
The Weierstrass points on Z 2/5 have the following coordinates:
, and Q 8 = σ(Q 4 ).
Images of the Weierstrass points on the first elliptic curve.
The first elliptic curve has a minimal model E 1 given by
The images of the Weierstrass points are
, and Q 1,4 = ϕ 1 (Q 4 ).
They satisfy the following relations:
Lemma 4.7. The points Q 1,1 and Q 1,3 are of infinite order and independent.
Proof. Since # E 1 (F 97 ) = 2 3 · 11 and # E 1 (F 389 ) = 2 4 · 23, the only points of finite order in E 1 (M ) are of order 2, 4, or 8, which is not the case of either Q 1,1 and Q 1,3 . We apply Lemma 3.7 to P = 16 Q 1,1 , Q = 16 Q 1, 3 
we compute that Remark 4.8. We can show the independence of the points by computing their heights and the regulator using an implementation of the height pairing [5] in magma [2] . Indeed, we find that the regulator is nonzero since The images of the Weierstrass points are
which satisfy the following relations:
Lemma 4.9. The points Q 2,1 and Q 2,5 are of infinite order and independent.
Proof. Since # E 2 (F 73 ) = 2 3 · 9 and # E 2 (F 97 ) = 2 3 · 11, the only points of finite order in E 3 (M ) are of order 2, 4, or 8, which is not the case of either Q 2,1 and Q 2,5 . We then apply Lemma 3.7 to P = 16 Q 2,1 , Q = 16 Q 2,5 , l = 23, p 1 and p 2 primes of inertial degree 1 above 389 and 353, α 1 = 20, and α 2 = 10: 
Lemma 4.11. The point Q 3,1 is of infinite order.
Proof. Since # E 3 (F 577 ) = 2 4 · 139 and # E 3 (F 97 ) = 2 2 · 5 2 and since the point Q 3,1 is neither of order 2 nor of order 4, it is of infinite order.
Remark 4.12. Here again, we compute the height which is nonzero. Indeed, h(Q 3,1 ) = 1.03540318.
4.3.4.
Proof of Theorem 4.6. We will show that there exists no relation between the remaining ten Weierstrass points. Let us consider a degree 0 divisor whose support is in the set of Weierstrass points, say
where m i + n i = 0. Let us suppose that this divisor is in the kernel of the isogeny from the Jacobian to the product of the three elliptic curves
Looking at the images of D on each elliptic curve, we obtain 
Proof. The tangent line at P 8 is given by 4X + 10iZ − (25 + 10i)Y = 0, and the tangent line at P 6 is given by X = Z. The family of conics tangent to the curve at P 8 and P 6 is given by 
We check that neither 2P 3 + 2P 1 nor 2P 2 + 2P 3 is in L(2P 6 + 2P 8 ). Finally, there does not exist a bitangent through P 2 and P 1 , hence 2P 2 − 2P 1 is not zero in J.
Proof of Theorem 4.1.
To prove the theorem, we apply Silverman's specialization theorem, Theorem 2.2, to A = Jac(Z 1,t ), C = P 1 (parametrized by t), and J t the Jacobian of Z 1,t . We have to check that the hypothesis of the theorem is satisfied. If J t had a constant part, say A 0 , we would have a nonconstant map φ t : A 0 → J t , hence the composition with one of the three maps π i : J t → E i would be nonconstant, hence surjective. But none of the three j-invariants of the elliptic curves is constant, hence a contradiction. Indeed,
Curve with eight hyperflexes
There is exactly one curve not in the family of the preceding section with eight hyperflexes [15] . It is the curve Σ given by the following equation:
We show Theorem 5.1. The group generated by the Weierstrass points of the curve Σ is
We will consider another model of the curve. Let Σ be the projective plane curve defined by
The map from Σ to Σ is given by
5.1. Weierstrass points. Using magma [2] , we obtain that the Weierstrass points are defined over the number field M of degree 32, where M is defined as follows: We will see in Section 5.2.1 that the automorphism group is a dihedral group of order 8 generated by ρ and σ. Let τ = σρ 2 . We can define the Weierstrass points using these automorphisms: The hyperflexes are given by
The ordinary flexes are
where 49
Relations between the Weierstrass points.
There are some straightforward relations arising from conics intersecting the curve at the Weierstrass points. More precisely,
Proposition 5.2. The Weierstrass points satisfy the relations
Proof. The first relation comes from the definition of hyperflexes. It is easy to check that each of the following conics meets the curve at the said points with the correct multiplicities:
• 16XY = (i We will show that there are no other relations between the Weierstrass points, hence the theorem. In order to do so, we will determine the elliptic factors of the Jacobian and compute the images of the Weierstrass points on each on these factors in order to show the independence of the remaining points. Proof. Indeed, if we consider the pullbacks of differential forms on each of these elliptic curves, we see that they are independent. For the definitions of both the curves and the maps, see Section 5. Hence, the result follows.
Automorphisms of the curve.
The group of automorphisms of the curve is a dihedral group of order 8 ( [15] ). This group is generated by ρ and σ given by They act on the Weierstrass points in the following manner: ρ = (P 1 , P 4 , P 2 , P 3 )(P 5 , P 8 , P 6 , P 7 )(Q 1 , Q 4 , Q 3 , Q 2 )(Q 5 , Q 8 , Q 7 , Q 6 ), σ = (P 3 , P 4 )(P 5 , P 7 )(P 6 , P 8 )(Q 1 , Q 5 )(Q 2 , Q 8 )(Q 3 , Q 7 )(Q 4 , Q 6 ).
product of the three elliptic curves E 1 × E 2 × E 3 and compute its images on each elliptic factor. We obtain that n 1 = n 2 = n 4 = n 5 = n 6 = 0, 2m 3 If one of the m i is odd, then twice the divisor is also in the kernel of the isogeny. As before we show that none of the possible divisors with only even coefficients can occur as they would either correspond to a bitangent through two hyperflexes, or give rise to a degree 2 map to the projective line or translate into the existence of a conic tangent to the curve at P 1 or P 2 and two of the three points P 5 , P 7 , and P 8 , which is ruled out by the fifth relation of Proposition 5.2.
Moduli space of curves
In this section, we will use Vermeulen's stratification of the moduli space M 3 of curves of genus 3 [15] and the determination of the group W for particular curves to deduce some bounds on the rank and on the torsion part of a generic quartic having a fixed number of hyperflexes in a particular geometric configuration. We improve some of the results obtained in [3] .
Let M
